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Theorem 1 (Dominated convergence of Lebesgue) Assume that g is an
integrable function defined on the measurable set E and that (f,)pen 5 @ se-
quence of measurable functions so that |f,| < g. If f is a function so that
fn — f almost everywhere then

li = .
sm [ 4= [ 1
ProoF: The function g — f,, is non-negative and thus from Fatou lemma we

have that [(g— f) < liminf [(g— f,,). Since |f| < g and |f,| < g the functions
f and f, are integrable and we have

/gf/fé/gflimsup/fm
[ 1=t [ 1,

Oedpnua 2 (Kuptapynuévrne cVyxiiorne tou Lebesgue) Eotw du n
g €lvar pa odokAnpdoiun ouvvdptnon opwouévn oto petprioluo ovvoro E kai
N (fi)nen €var paa axodovbia petprioipwy ouvaptioewy dote |f,| < g. Tro-
Oérouue én vndpyer pa ovvdptnon f dote n (f,)pen va Teiver otny f oxeddy

navtol. Tére
lim / fn= / f.

AmnoaEgr=H: H cuvdptnon g— f,, elvar un opvntixer xou dpa and to Afupo tov Fatou

woyber [(f —g) < liminf [(g— f,). Enedd |f| < g xou |f,| < g o f xau f, elvon
OAOXANPAOOIIES, EYOUME

/g—/fﬁ/g—limsup/fn,
[z msu [ 1,

Thanks to Cepreir Mapreizos for the translation to Russian:

SO

TeopeMma 3 Ilpednosodcum, umo g sgrsemes unmezpupyemol Qynxyued, onpe-
desrennot na usmepumom muoxcecmee E, u (f,)nen npedcmasasem cobol no-
crredogamesntoHocmp usmepumot @ymkyuu, max ymo |f,| < g. Ecnu f sensemcs
Qynxyued, max umo f,, — f noumu eeszde, mozda
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Theorem 4 (Dominated convergence of Lebesgue) Assume that g is an integrable
function defined on the measurable set E and that (f,,),cn is @ sequence of measur-
able functions so that |f,| < g. If f is a function so that f, — f almost everywhere

then
[ [

PrRoOF: The function g — f,, is non-negative and thus from Fatou lemma we have
that [(g— f) < liminf [(g— f,). Since |f| < g and |f, | < g the functions f and
f,, are integrable and we have

/g—/fé/g—limsup/fn,
[ 1= [ 1,

Ocopnpo 5 (Kuprapynuévng ovykAiong tov Lebesgue) Eotw 61 1 g elvat uto
oAokAnpworun cuvdptnon opiouév oto petprioyo oivoro E kat 1 (f,),en Eivar
ptoe akodovbia petpriouwy ovvaptiocwy bote |f,| < g. Trobérouue étL uTtdpyet
pia ovvaptnon f wote 0 (f,)pen Ve Teivel otnv f oxebov mavtov. Térte

lm/ﬁ:/ﬁ

AnoAEI=H: H ovvdptnon g — f,, elvar pn apvntiky ko &poe ord o Ao Tov
Fatou woxber [(f —g) < liminf [(g— f,). Enedn |f| < g ko |f,| < g o f ko
fn, elvo ohokANpdOLLEG, £xOULLE

/g—/fﬁ/g—limsup/fn,
/leimsup/fn-

Thanks to Ceprett MapTbiHos for the translation to Russian:

SO

dpo

Teopema 6 [Ipegnonomkum, 4To g ABAAETCA MHTErpupyemMor yHKkumed, onpese-
JIEHHOH Ha n3mepumom mHoectse E, u (f,), ey npescTasaset cobosi nocnegosa-
TENILHOCTb M3MepuMOoK pyHKkuymnn, Tak 4To |f,| < g. Ecnmn | aensetca ¢yHkumed,
Tak 470 f, — f no4Tu Besge, Torga
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Theorem 7 (Dominated convergence of Lebesgue) Assume that g is an
integrable function defined on the measurable set E and that (f,),cn
1S a sequence of measurable functions so that |f,|<g. If f is a
function so that f, — f almost everywhere then

sim [ 1.= [

ProoF: The function g— f,, is non-negative and thus from Fatou lemma
we have that [(g— f) <liminf [(g— f,). Since |f|<g and |f,| < g the
functions f and f,, are integrable and we have

/g—/fé/g—limsup/fn,
/fZlimsup/fn-

Bedpnua 8 (KuprLapynuévne oOYKALOMG Tou Lebesgue) Eotw 6TL N g €lvac

HLO OAOKANPGOLUY) OLUVEPTNON OPLOUEVN 0To peTphoLuo ovvolo E kat 1 (f,)nen
elvar pro akorovdia petproLuwy cuvaptricewy dote |f,| < g. Tmobgtouue

6TL undpyeL pia ovvdptnon f dote n (f,)peny VX TELVEL 0TNV [ oxedévy mavtov.

Téte
lim/fn :/f.
AMOAEIZH: H ouvéptnon g—f, €lvoL pun apvntikh kol dpa amd to Afuuo

tou Fatou woxvel [(f—g) <liminf [(g—f,). Eneudn |f| < g kou |f,|<g
ot f kat f, €lvaL ohokAnpdoLUES, E£XOUUE

/g—/fé/g—limsup/fn,
/leimsup/fn-

Thanks to Ceprem MaprthmoB for the translation to Russian:

SO

oo

TeopeMa 9 llpednoaokumM, 4mo g AsafemCA UHmMezpupyemol PyYyHKyueu, onpedeneHHOU
Ha usmepumom muoxecmee E, u (f,),cy npedcmasasem coboi nocaedosamenbrocms
usmepumotd Pyurkyuu, max umo |f,| < g. Ecau f aeasemcs pynkyueid, mak

wumo f, — f noumu eesde, mozda
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